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Parallel Repetition

Basic QuesTioN: How to reduce the Ssoundness error of o probab'\lis’r’nc P\-ooF ?

Basic ANsweR:  Run the probabilistic Proo? t times in Sequence

A straightforward analysis shows that the soundness error decreases from & to €°.
ProBLEM . Efficiency measures increase by o multiplicative factor of t.

PARALLEL RepeTiTiov Ioosdy refers to ideas for reduc'm3 the soundness error

of a probabilistic proof while Preserving certain efficiency measures.

Parallel repetition is & TrANSFORMATiON Seperately defined for each proot model.
Todoy we discuss these cases: < IPs (interactive proofs)

+ MIPs (multi-prover interactive proofs)

+ PCPs  (probabilistically checKable proofs)

« TOPs (interactive oracle Froofs)

While +here are similarities ond connections owcross models

parallel repetition behaves surprisingly different in each cage.



Parallel Repetition for IPs

Let (PV) be an IP. Fix a repefition parometer t. Define (P \Vi):= PR, (P,V E) as follows:

P(x) Ve(x)

Sample prover randomness @i,..,q¢ é-{O,'}Pr Sample verifier randomness ¢,..,¢, 6-{O,l}w
For j=),.. K

For ieltl: ay;:=P(bij, o) (i iere,

Sbiiliersl  For jelt: biy:=V(Qig;Si)

Check that all t executions of V accept.

O. Qi ..., Qe
BTN P IR v
P , b. fk p € P , bl,l 000 be,l £ A4
as _; P Qiz,..,0c2 | [V
¢ bz F b‘lzlm, bt,z

Found cOrnplex'rry: K = k

+ communication complexity : (pe,ve) b (pc',ve')=(t-pe, bve)

cOmple‘l'eneSS error . €. P €&l= 1-0-£)5¢ £ € (completeness error increases S\ighﬂy)

soundness error: € > £ = €&« This seems infuitive but let’s prove it.



Multi-Prover Interactive Proofs

A multi-prover interactive proof (MIP) is o probabilistic proof where o single (honest) verifier

interocts  with multiple  Nowv-CommunicaTing (possibly malicious) provers.

W‘L SQY H\Q{' (P,V) is an MIP S}'SfQW‘ \20( (0 |Qh30&8¢ L. lm'H\ p provers,

completeness error &, and soundness error € if the following holds:

O CompLeTENESS: ¥xel Pr [<(F(i/"f°‘2°'i))iec,>] ,Vix;9) 2 = |] 2 |-¢.,

K, (Gkiecp) S

@ Sounpness: Yxgl ¥ (P, g\’[<(§i)iefp],\/(x/°?)>=|]385.

Op,
Each round jelk] of interaction works as follows: f, =V
. . - M Qz'
Vle[P] prover | sends a messoge Qi to the VQI’I'F)QI', % 2. .. 3
P e
Yielp] the verifier sends a message bij to prover i. b
b
Efficiency measures: b |'

* p: number of provers
* K: round complexity

+ pc: (total) prover-tfo-verifier communication « . separate
» ve:  (total) verifier-to-prover communication by prover and round




Parallel Repetition for MIPs

let (PV) be an MIP. Fix a repetition parameter t.

Define (P Vi):= PR

MIP

fer

P2

(P,VE) as follows:

Qy,p -0 QE, PN

O, .., Q2,0

number of provers: PP

O, .., Qe

b'lPI' 159 bt’P"

2 Ve MIP with 2 provers | round (verifier first)
> P \% A
S x(39) ge {0"'}" )':?)
o
V(g,a,b);l

L
)

b'ﬂv‘ s+ b2

bl,l,l 2°°% bt' .,

Found cOmpIexi+y: K = k

R

Notable special case:

Its t-wise PR hos the same format:

Ve
) X(3),..., X(9¢) 8,8 € {oﬂ}r Y(?.),...,Y(gg))
Qi ,.., Qe _ bi,.., be
Viett1
V(Si,a;,bi)=1

+ communication complexity : (pe,ve) b (pc',ve')=(t-pe, bve)

Q: &'=¢F ?

comple'\'eneSS error . €. P €&l = I—(l—&)es t-€.. (completeness error increases s\'nthy)

soundness error: € > & =7

claim: €& < ¢' <g,

/0

best prover in
each l—epeﬁﬁon

Winning all repetitions
ot least as hord as Winning one

F2

5\



Refuting Expectation [1/2]

ConecTore [Fortnow,Rompel, Sipser 1988]: PR for MIR reduces soundness error € (- ef

[Fortnow 1989]: counterexample To conjecture

Here we see a simpler counferample {rom [ Feige 9] :

MIP for Nown-InTERACTIVE AGREEMENT (which has p=2 provers and K=| rounds ).

R V R
(_b g bo,bl < {°/|} __)b'
Uo, Vo 7 Ui, vi
(UO,Vo)é (ul,vl)
by, = Vo

(Puo received bit Vo)

claim: £=1/, where £:= max B [<(®,P)vr=1]

roo0T:

« £3Y2: P, answers (0,b,) and P answers (0, random bit)
- €< Y. wloG BB agree to guess Bos bit b, ;

hence P, must quess bo but has no information about b, B



Refuting Expectation

Consider the 2-wise PR of the MIP for non-interactive agreement:

R Vo R
b°° boo, bey € {°/|} boy

(—“— blolbn(-{o/'} b" 3

UQo, VQQ uot,vm
Uio, Vio Un,Vu

(Ugo, Voo -3- (Uoy, Vi)
(Uro, Vio) = (U, Vi)

I)u”-z'- Voo X buw‘; Vio

1]

claim: ¢ = A where 57_:=r‘go%( fr[((ﬁ,’ﬁ)’v,.):l]

o,%
Proc_r[-::

o &, ¢Vh 1 E,5E=)
\ ~ O,boo oy O,IDu
« €, 7% P sends 1'b,, and F sends 1 by, .
T boo=by then B ond F win BoTH iterations. H

Another view: Pe[WivtaWinvz]=2 [ wini]-Br[wiva|wine] = l.1-

1
3 -

In the seond iteration, conditioning. creates implicit communication . between provers,

[2/2]



Verbitsky’s Theorem

The counterexample shows that €, # &

, @ven in the minimal Setting of p=2 provers and k=I rounds.

But PR for the covnterexample still “works" , just. slower +han expected.

More Pl—e_cise_|y: ,
f

£ ]
lemma [Feige 1991]: For the MIP for non-interactive a3reemen“‘, 9,:6(%)/1 =(\,'-—,_) . Ei::: (E;)t(_%z i ()"

Verbi’rsky Prove,d that PR for (-round Mifs alwoys worKs:

theorem: [eot & be the soundness etror of a I-round MIP verifier V, and & the soundness error

of its t-wise parallel repetition Vi. for every instance xgl if €)¢1 then '!i_)m” Elx) =0,

Verbitsky proved the theorem for p=2 provers.

ThQ. P\'OOQ QPP\"OQC}\ €X’\'€ﬂds +° WO\'K ":0\' Q'\y P : study of combinatorial objects
where ‘order’ appears if lorge erough

/
The proof is o direct application of o deep result in RamMsey THeory,

and only shows that The Soundness error €, decreases VERY SLowLy.



A Result On Combinatorial Lines

et A be a finite alphabel and A#A o special symbol.

A word is a string in A and a roof is a string in (Av{AK)*\ A

for o root rt and aeA, rt(a) is the word (in A®) obtained by replacing each A with a.
Ex: A= {\,2,3} rfk=318124 rb)=31112) rE(3)=313123

A combinatorial line in A° is o subser [ ¢ AF of t+he form {\—k(a)}mA Jor a oot rt.

| Vv Z2 |
2 1 2 2
S ! 23

t
Combinatorial lines are in corresPonde.nce with roo+sl of which there are (IAHI) -lAlt.

3
Ex.: A:{I,Z,3} rt=31 4120 L‘_b:(iz

DQ\:'\V\Q N(A,I:):= MOX {\W\\ W e AE contains NO combinatorial lines} € {o,l,...,lf\\k}.

theorem [ Furstenberg and Katendlson, 1011 ¥ A V€20 3T ¥ 2T NAE) (I/:lt) <&

. , VAYrITY¥E2T
This is a density version of the Holes—Jewett theorem (every t-coloring of ¢ )

hos™ a ‘monochromatic’ line

In 2010 the Polymoth project gove o quanfitative bound: T~ Acki L Ve).
/

AcKermann Sunction:
Ak, (0 =2, Ak, (n)=2n, Ack,(n)= AcK, ,( Ackm(n-1))
9



Proof of Verbitsky’s Theorem

Let A:={0,1} be the set of random strings of the MIP verifier V:=V(x).

We argue that if €< 1 then & s N::i:) . This concludes the ProoF via. LFKql].

Fix optimal (E,;)jecpj against the E-wise PR verifier V.
Define the winning set W of Vp: W:= {(3\,---,91;)&At I < (E,',)jetpl,vt((g'\)iem) )= }

By definition, &, = %’-e T+ suffices to show that W contains no combinatorial line .

Suppose by woy of contradiction that 3 root rt whose combinaforial line L, is in W.

For SiMP“CH')' rt = §°°°§t-|A .. (The anolysis below easily adapts. to roots. where. A appears . elsewhere.)

We construct (E)J'éffl t+hat convince V wp. 4, contradicting the fact that £<1.

Here is the case of p=2 provers. The case pr2 is analoaous,

P v %
< X(3) g« {o,} Y($) R

o, (x(3), .., x§..), %)) [t] Viga,b)l g=='PZ,z( ¥&),., YBea), ()]

Since Lee€W, we Know that ¥3.efoi}” A V('g‘.,,'P',:,|(x(§',),,,,/x(§:))[i],ﬁil(y('g‘,)/m,y('g"t))[\]) = |
So V(?t,'f’;,‘(x(§'.),...,x(§;))[t],ﬁil(y('g‘,)/"vy@;))[t]) =1

10



Raz’s Theorem

Much better rate of decay is Known {-‘or 0. minimal 5pecia| case :

eorem: [Raz 1995] There exists c>o st the follow'|n3 holds .
Let (PV) be an MIP for a langwoge L with soundness ertor €, p=2 provers, and k=1 rounds.

Ub(t/loalz'l)

Then ¥xgl €x<1-§ > §(x)< (1-§) , Where Z s the alphabet for prover answers.

. [Feiﬁe Verbitsky 1996 ] : the dependence on \os\Zl IS Necessary
- [Holenstein 2010]: c<3 (. c<32 in Raz's PI'OO(’)

¢ cannot expec’r cg<l in geneml (s+ron3 Parqllel repeﬁ’rion is the s’rudy of when c=x1)

For p=3 provers ond K=| rounds Some recent progress. on rate of de.cay (in Spec{a\ cases).

Undershndinﬁ p>2 provers or K>1 rounds temains o CHALLENGING Open  PROBLEM.

11



Main Lemma Behind Raz’s Theorem

Fix  strafegies PP against the t-wise paralle] repeated MIP verifier Vi(x).

For ielE), W, := V(x,g-\,ﬁ(x(g.),...,x(gt))['\], E(y(e.),...,y(‘gt))[i]). For Sclt] Wg:=A Wi,
By assumption, Vielt]l Prlwilgl-6.

GoaL: vpper bound B [ AicgaWi] .

Main Lemma: 3 uweorr ¥ SE] with ISle¥t if Belws]> 2°F then JieleNS st Br[wilwsl<1-5 .

{ oved " vi histicated
This implies the theorem as explained below. Pnabysis based on .

analysis baced on
Information Theory

Initialize S:=g ond do the -Followin3 while [S|<¥t:
© If Blws1<a® then exit loop.
@ If P[Ws)z2"t then add to S some ie[ENS sk B [Wilws]shé.

I(l the ¥irs+ condition IS met at some iteration then P,,[ Nietl Wi] < P [Ws] < 9:“:.
T§ the {irst condition is never met Hen we obfain S={i1 ia,.., () s+

¥k
Pr [Miep Wil € Br[Ws 1= B [W;, ] BrLwe, IWgi ) Br Wi, | W{i.,i,}]' ~<(1-§) .

2

We conclude that B [/\ie[t‘) Wi] < MOX{ 2_8":, (1- %)b’-b} .

12



Repetition Applied to the PCP Theorem

Recall the PCP Theorem: NP ePCP [ =0, €= Yo, Z=1013, L= poly(n), 4=0M), r= O(logn)] .

Re\'vnnin3 the PCP verifier 3ives arbitrari Iy small & with lm—s»q-ehougk q:
CO\'O\\G\’)(: V- 88>0 3 CI S-‘h NP < FCP [SQ:. O/ ES , Z:{O,\}' ﬁ: Po'){(h)l (i , F= O{lo%v\)]

RQ_PQHﬁOV\ via. PR of MIPs gives arbitrari ly small & with lorsq-enougk 2. (ond with ?:2):

theorem: ¥ &.>0 NP ¢ PCP &c=0 & 2= {o’\]O(Iog%s), L= hO(losé), q=2, r= O("’%é—,‘ |03h) ]

proof:  PcP B ip 2 repeated MiP S PP
© From PCP to 2-prover I-tound MIP (via trivial query bvndling)

PCPI&. 65,7, 2.q,r) ¢ MIPL&c &= 1- 5, p=2, k=1, (3,2;)=(141}, 2V), F1= I tloga]

yields NP<MIP[ =0, &=00), p=2, k=1, (Zy, %)= (101" 101" 1= 0(logn) ]
@ Apply PR for MIPs: NPeMIP[e=0,&=¢,,p=2, k=1, (Z.,,z,)=({o,;}°“"°3"),{o,l}ow), = O(E.logn)]
® Evaluate the MIP as o PCP: NP & PeP [€c=0, &=£, , Z={oa™", = °®) g=2 r=0(t-logn)]
By Raz's Theorem, €,=exp(-t), so can set E=0(legly ). H

The main limitation of parallel repetition is that if we wawt L=poly(n) +hen £s=ul(1),

13



Reducing Soundness Error for PCPs

(: How 1o reduce Hhe soundness error of a PCP?

SiMPLE: repeat the PCP  verifier multiple times

(015 I{ the honest PCP prover uses randomness
LLIEA S S g
/’/ ()' (1.3. for 2k) one may have to sample
V(X,'3|) A ANV ()(/' gl:) t PCP strings .., T (one per rePe_ﬁ’rion)
Qi ¢ ol gee fo}

For aevery teN, the E-wise repetition does the {:Ol'o“’"\ﬂ’
D N i alphabet does not change

l
L=UX Prc')o; \Qv\sH\ dees not c_hO\I\S& randomness efficient error-redvction

/ (Qﬁ via, &xpanders )

" . .
q' = {:.q (?uzry complexity = increases hos no- better quary complexity

-
-

« F P = E.r randomness complexity increases
—
>

£ = 1= (120" < k€ completeness error increases slightly

| :
€ = Esl'- soundness error  decreases uyomm\o\\\y

How Yo fredvce Soundness error while p\—esuvins ctue.ry complo.xﬂ'),?,

14



Parallel Repetition for PCPs [1/2]

IpeA: byndle queries across multiple tepetitions  (“Buwpiep RepetiTion” )

Example with E=2 repetitions -For o PCP with q=3 queries.

. 3 2L ]T.]T‘...'ll',]'l-',.‘l'l',_..."rz 1|'l-n" - |Tie
I—.[[g ]_>Z ﬁ'f' oos 1[(1“ 1]'2...1\:( V. 1T\1r;|;m

= (ind) idwp=(ia)) idx3=(is §s) ~ TMlidx)=(a,b) " TIlidx)=(a, by) ~TTlidx)=(0s,by)
& ()(.?|) = (illil,il) D(X,g\,((la,az,ﬁa))
A
Q (X, ?3_) - (jn,;]l,:]z) D (X,g..,(b:,bz,bs))

The qVQ\'y Complexi{'y did NOT d\omse.

Each query consists of two indices and is answered via two Symbols.

=¥ The Pr00¥ )Ql\ﬂ\*\r\ ond odP\\o\be;\' Size Scr:a\‘e..
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Parallel Repetition for PCPs [2/2]

The E-wise Pam\\zl repetition of a (non-adaptive) PCP:

P& Vi (x)

. Compute .= Plx)e 4, l. Sample g.,...,gte{o,l}r.

2, St II:= ((Tl‘[i.],...,TT[it]));‘/m’-,te[n. 2. Dedvce query sets: Vielt], Gi=Q(x,q)s L]

3. Qutput T:U1-3 3. Construct tuples: 4 J’e[q] idx; =(QL3],.,@.L31).
4. Cheek that Ageriy DIx, g, TTLide); -~ TT0dkgdi )= 1.

DR Z|’— Zt alphabet increases exponentially

- f B ﬁ':ﬂb Proo$ \QV\SH\ increases exponentially

* q — q':q ?UQ\“)I complexity doeS NOT increase

« t P F'=ft.r randemness complexity increases

CEe P o 1-(-8) g E-€  completeness error increasets slightly

How does PR of a PCP affect soundness error 7

16



Refuting Expectation, Again
Farallel repetition for PCPs fails o work.

theorem: 3 2-query PCP for NP-complete lanquage L with soundness error € s

VX?’L £(x)<\ and blim €(x)=1  (Infact for infinitely many xgl, Epp(x)> &%) ¥eeN.)
-> &

In particvlar, NOT trve that €60 ¢ & (x)g EX) ,
Here is o CRITERION of when PR for PCPs worKs.
def: The MIP projection of o PCP verifier V is the MIP verifier Vye that works as follows:
Ve (x) : |. Sample PCP randomness 36{0,'}r.
2. Deduce query set Q:= Vg(x,9)< €],
3. For every ie[q], send QIil to prover i, and get response a;€X.
4. Check thot Wy (x,¢, (Qi)ie_[1])=| .

lemma: (et (PV) be o PCP for a languoge L with soundmess error €. Let & be the soundness ertor
of its t-wise parallel repetition. Let Vi be the MIP projection V, with soundness error €.

Then Y¥xglL lim &(x) =0 €2 &, (<1,

E->n

17



Consistent Parallel Repetition

A simple vatiant of PR for PCPs does always work.
The E-wise consistent parallel repetition (CPR) of a (non-adaptive) PCP:

£L&) Vi (x)

. Compute .= P(x)e =t l. Sample g.,...,gke{O,l}r.

2,S4 II:= ((TI‘[i.],...,TT[it]))i‘m-,te[n. 2. Dedvce query sats: Vielt]l, & ¢=&(X,gi)9[“,
3. Outpet TL:(L] -3 3. Construct tuples: ¥iela] idx;=(QLy],.,0:03).

b, CheK that A;ery D(x, g TILid), -~ TT0dxgdi) = .

5. If 3Jii'elt],).ielq] sk

Qily]1= Qwly] and TrLidx;); # Tlidxg )i, reject.

theorem: Let (PV) be o PCP for a language L with soundness error €.

Let €, be the soundness ertor of its t-wise CowsisTENT parallel repetition.

Then ¥xgl €W()<1 — E,:(X)<( z

t . ; .
e<>o-2")' €(x) (in particular, (;l-'»':o &(x)=0 )

The proof is an elementary counting argument to upper bound the winning set of Wi,
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